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Abstract 

We introduce a new class of Backward Stochastic Differential Equations in which 
the T-tcrminal value Yt of the solution (Y, Z) is not fixed as a random variable, but 
only satisfies a weak constraint of the form > 'n^- for some (possibly ran- 

dom) non-decreasing map and some threshold m. We name them BSDEs with weak 
terminal condition and obtain a representation of the minimal time t-values Yt such 
that (Y, Z) is a supersolution of the BSDE with weak terminal condition. It provides 
a non-Markovian BSDE formulation of the PDE characterization obtained for Marko- 
vian stochastic target problems under controlled loss in Bouchard, Elie and Touzi [3]. 
We then study the main properties of this minimal value. In particular, wc analyze 
its continuity and convexity with respect to the m-parameter appearing in the weak 
terminal condition, and show how it can be related to a dual optimal control problem in 
Meyer form. These last properties generalize to a non Markovian framework previous 
results on quantile hedging and hedging under loss constraints obtained in FoUmer and 
Leukert [10, 11], and in Bouchard, Elie and Touzi [3]. Finally, we observe a surprisingly 
strong connection between BSDEs with weak terminal condition and 2nd order BSDEs 
in the quasi linear case. 
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1 Introduction 



Solving a backward stochastic differential equation (hereafter BSDE), with terminal data 
^ € Ij2{Tt) and driver g, consists in finding a pair of predictable processes {Y,Z), with 
certain integrability properties, such that the dynamics of Y satisfies dYt = —g{t, Yt, Zt)dt+ 
ZtdWt and It = C (where W denotes a standard Brownian motion). It can be rephrased in: 
find an initial data Yq and a control process Z such that the solution Y^ of the controlled 
stochastic differential equation 

= Yo- f g{s, Yf, Zs)ds + f ZsdWs , < t < T , (1.1) 
Jo Jo 

satisfies Y^ = ^. In cases where the previous problem does not admit a solution, a weaker 
formulation is to find an initial data Yq and a control Z such that 

Yt >£. IP - a.s. (1.2) 

In most applications, one is interested in the minimal initial condition Yq and in the as- 
sociated control Z. This is for instance the case in the financial literature in which Yq 
represents the cost of the cheapest super-replication strategy for the contingent claim ^, 
and Z provides the associated hedging strategy, see e.g. [9]. 

Motivated by situations where this minimal value Yq is too large for practical applications, 
it was suggested to relax the strong constraint (1.2) into a weaker one of the form 

E [i{Y^ -()]>m, (1.3) 

where m is a given threshold and ^ is a non-decreasing map. For i{x) = l|^>o}, this 
corresponds to matching the criteria > C at least with probability m. In financial 
terms, this is the so-called quantile hedging problem, see Follmer and Leukert [10]. More 
generally, i is viewed as a loss function, one typical example being i{x) := —{x")'' with 
q > 1, see Follmer and Leukert [11] for general non-Markovian but linear dynamics. Such 
problems were coined "stochastic target problems with controlled loss" by Bouchard, Elie 
and Touzi [3] who consider a non-linear Markovian formulation in a Brownian diffusion 
setting, see also Moreau [12] for the jump diffusions setting. 

The aim of this paper is to study the non-linear non-Markovian setting in which the 
terminal constraint is of the form 

E [^'(y/)] > m. (1.4) 

In the above, m € M and ^ is a (possibly random) non-decreasing real-valued map. Our 
problem can then be written as 

Find the minimal Yq such that (1.1) and (1.4) hold for some Z. (1-5) 

This leads to the introduction of a new class of BSDEs which we call BSDEs with weak 
terminal condition. More precisely, we refer to this problem by saying that we want to solve 
the BSDE with driver g and weak terminal condition (^,m) to insist on the fact that the 
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terminal condition 1^ is not fixed as a random variable, but only has to satisfy the weak 
constraint (1.4). 

The first step in our analysis lies in a reformulation based on the martingale representation 
theorem, as suggested in [3]. More precisely, if ™d Z are such that (1.4) holds, then the 
martingale representation Theorem implies that we can find an element a in the set Aq, of 
predictable square integrable processes, such that 

Jo 

On the other hand, since ^ is non-decreasing, one can introduce its right inverse $ and 
note that the solution (Y", Z") of the BSDE 

y," = $(M^) + r gis, , Zf)ds - r Z^dWs, 0<t<T, (1.6) 
Jt Jt 

actually solves (1.1) and (1.4). We indeed show that the solution of (1.5) is given by 

inf{yo°, a e Ao}. (1.7) 

This leads to study its dynamical counterpart 

:= essinf{y;*', a' G Aq s.t. a' = a on [0, r]} , < r < T . (1.8) 

We verify that the family {y°^, a G Aq} satisfies a dynamic programming principle which 
can be seen as a counterpart of the geometric dynamic programming principle of Soner and 
Touzi [20] used in [3]. In particular, this implies that {y^, a G Aq} is a g(-submartingale 
family to which we can apply the non-linear Doob-Meyer decomposition of [16]. This pro- 
vides a representation of the family {3^", a G Aq} in terms of minimal supersolutions 
to a family of BSDEs with driver g and (strong) terminal conditions {$(M^), a G Aq}. 
This representation allows in particular to characterize the family {3^", a G Aq} uniquely. 
Under additional convexity assumptions on the coefficients g and we observe that the 
essential infimum in (1.8) is attained. Hence, there exists an optimal a G Aq such that 
solving the BSDE with weak terminal condition (>I',m) boils down to solving the BSDE 
with dynamics (1.6) and strong terminal condition <I>(M^). In a Markovian framework, our 
approach provides in particular a BSDE formulation for the PDEs derived in [3]. 
We then study in details important properties of this family and focus in particular on 
the regularity of 3^" with respect to the threshold parameter m. We exhibit, under weak 
conditions, a stability property of the solution with respect to the variations of the param- 
eter m. We also observe that is convex with respect to the threshold parameter. This 
observation allows us in particular to conclude that <^ (whenever it is deterministic) can 
be replaced by its more regular convex envelope in order to compute y°^ on [0,T). This 
was already observed in the restrictive Markovian setting of [3], in which it is proved by 
using PDE technics. We provide here a pure probabilistic argument. Similarly, it was also 
observed in [10], [11] and [3] that (1.5) admits a dual linear problem when g is linear. We 
extend this result via probabilistic arguments to the semi-linear setting, for which the dual 
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formulation takes the form of a stochastic control problem in Meyer form. 



The rest of the paper is organized as follows. In Section 2, we provide a precise formu- 
lation for (1.5) and relate this problem to a (^-submartingale family satisfying a dynamic 
programming principle. Attainability of the optimal control a G Aq is also discussed. Sec- 
tion 3 collects the continuity and convexity properties as well as the dual formulation of 
the problem. The connection with PDEs in a Markovian framework is given in Section 4. 
Finally, Section 5 contains the proof of the BSDE representation for {3^°^, a € Aq}. 

We close this introduction with a series of notations that will be used all over this paper. 
Let d > 1 and T > be fixed. We denote by W := (W()jg[o,T] ^ d-dimensional Brownian 
motion defined on a probability space (^7,7-", P) with P-augmented natural filtration F = 
(Jt)tg[o,T]- The components of W wiU be denoted by TV = {W^ , • • • , W^) and E wih stand 
for the expectation with respect to P. For simplicity, we assume that T = Tt- Throughout 
the paper we will make use of the following spaces. 

- Lp(C/, ^) denotes the set of p-integrable ^-measurable random variables with values 
in J7, p > 0, f/ a Borel set of for some n > 1 and Q d T . When \J and Q can be 
clearly identified by the context, we omit them. This will be in particular the case 
when Q = T . 

- T denotes the set of F-stopping times in [0, T\. For t\ E T, Tt^ is the set of stopping 
times T2 in T such that T2 > ti P — a.s. The notation E^W stands for the conditional 
expectation given t dT ■ 

- S2 denotes the set of M-valued, cddldg^ and F-adapted stochastic processes X = 
{Xt)t(z[o,T] such that ||X||s2 := -E[supig[o^T] l-'^tP]^''^ < oo- 

- H2 denotes the set of M"-valued, F-predictable stochastic processes X = (^t)j(=[o,T] 



such that ||-'^||h2 '■= E 
be given by the context. 



jiQ \Xt\ dt < 00. In the following, the dimension n will 



- K2 denotes the set of non-decreasing M-valued and F-adapted stochastic processes 
X = {Xt)t£[Q^T] such that ||^||s2 < 00. 

Inequalities between random variables are understood in the P — a.s. -sense. 

2 BSDE with weak terminal condition 

2.1 Definitions and problem reformulation 

We first define the main object of this paper. 

Definition 2.1 (Solution to a BSDE with weak terminal condition). Given a measurable 
map : M X 1-^ [/, with f/ C M U {—00}, t G T and /i € Lo(C/, Jv), we say that 



^right-continuous with left limits 
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{Y, Z) G S2 X H2 is a supersolution of the BSDE with generator 5' : x [0, T] x M x M'^ — M 
and weak terminal condition r), in short BSDE((7, ^, r), if 



Y>Yt+ / g{s,Ys,Z,)- 



ZsdWs, te[o,T] 



and 



(2.1) 



t Jt 



Er [^{Yt)] > ^l. 



(2.2) 



Before discussing the well-posedness of Equation (2.1)-(2.2), let us emphasize that the 
difference with classical BSDEs lies in the fact that we do not prescribe a terminal condition 
to Y in the classical P — a. s. -sense but only impose a weak condition in expectation form 
(which justifies the terminology of BSDE with weak terminal condition). Even if we were 
asking for equalities in (2.1)-(2.2), this would obviously be too weak to expect uniqueness, 
as any random variable satisfying = /-f could serve as a terminal condition. 

However, when ^ is non-decreasing, the set 

r(r, ^i) := {Yr : {Y, Z) G S2 x H2 is a supersolution of BSDE(c/, ^, 1^1, r)} , (2.3) 

defined for any t ^ T and /U G Lo(C/, Jv), can be characterized by its lower-bound, when- 
ever it is achieved. 

Throughout the paper, we shall restrict to the case where g is Lipschitz continuous with 
linear growth, is bounded, and the domain of ^ is bounded from below, in order to 
avoid un-necessary technicalities. 

Standing Assumption (H^): For P — a.e. cj € f^, the map y € M 1-^ ^{uj,y) is non- 
decreasing and valued in [0, 1] U {— 00}, its right-inverse $(a;, •) is such that $ : x [0, 1] i-7> 
[0, 1] is measurable. 

The above assumption means that ^{co, •) G [0, 1] on [0, 00) and ^{uj, •) = —00 on (—00, 0). 
In particular, the constraint in expectation (2.2) implies 1^ > P — a.s. Obviously the set 
[0, 1] is chosen for ease of notations and can be replaced by any closed interval. By right- 
inverse we mean <^>(x) := inf{y G M, ^{y) > x}. Immediate computations show that 



Standing Assumption (H^) g is a measurable map from x [0, T] x M x M"^ to M and 

g{-,y,z) is F-predictable, for each {y,z) G M x M'^. There exists a constant Kg > and a 
random variable Xg ^ L2(M+), such that 



^> o < Id. 



(2.4) 



|5(i,0,0)| <Xg P-a.s. 
9{t,yi,zi) - g{t,y2,z2)\ < Kg{\yi - ^2! + ki - ^2!) P-a.s. 
V(t, yi, Zi) G [0, T] X M X M'^, i = l,2. 



Let A^^^ denote the set elements a G H2 such that 




OsdWs takes values in [0, 1]. 



(2.5) 
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Then, (2.2) is equivalent to ^'(It) > M^T''''''" for some a e A^_^. In view of (2.4), this 
is equivalent to 1^ ^ <I>(M^^''^^'") for some a S A,-^^. This implies that supersolutions of 
BSDE(5f, 'f, ;U, r) can be characterized in terms of ^-expectations whose definition is recalled 
below. 

Definition 2.2 (g-expectation) . Given r2 € T and ^ G L2(M, Jv^); (^j ■^) G S2 x H2 

denote the solution of 



J-AT2 J-AT2 



Then, we define the (conditional) g-expectation of ^ at the stopping time ti < T2 as 
£ti,t2[C] ■= Yti- When T2 = T, we only write £ti[(,], and say that {Y, Z) solves BSDE((7,^). 

Note that existence and uniqueness hold under Assumption (H^). In the following, we 
shall adopt the terminology of Peng [17] and call (7-martingale (resp. g(-submartingale) a 
process Y such that SfjYs] = Yt (resp. £1^%] > Yt), for ah t < s < T. 

Proposition 2.1. Fix t T, ^ ^ Lo([0, 1], J>). Then, {Y, Z) € S2 x H2 is a supersolution 
0/ BSDE(g(, ^, /i, r) if and only if{Y,Z) satisfies (2.1) and there exists a G A,-^^ such that 
Yt > [$(M^"''')'")] for te[0,T]F- a.s. 



Proof. Let {Y, Z) be a super solution of BSDE((7, n, r). Then there exists some element 
p in Lo([0, 1], JV) with p > fi, F - a.s. and a in Ar,p such that "^{Yt) = MjT'''^'". Set 



inf{s > r, m]^''^^'" = 0}. It is clear that O'^ belongs to T and that a := alro^a) 



belongs to A,-^^ and satisfies m!^'^^'" > M!j^'^^'°' , P — a.s., since M^'^^''^ > by definition 
of A^-^p. The monotonicity of and Relation (2.4) imply that 

> (^ o ^){Yt) > «>(iv4^'^)'"). 

By comparison for Lipschitz BSDEs, we obtain Yt > ff [$(M^^'^^'")] for t G [0,r]. Conver- 
sly, let a G A^,^ be such that Yt > £^[^{M!f'^^'")] for t G [0, T] and assume that {Y, Z) 
satisfies (2.1). Then, by definition of <1>, it holds that 

^(Yt) > (^ o $)(A/4"'^)'") > M^"'^)'". 

Taking the conditional expectation on both sides leads to (2.2). □ 

In view of Proposition 2.1, the lower bound of T{T,fi) (which we recall, has been defined 
in (2.3)) can be expressed in terms of 

yrifi) := ess inf £3 [^(mI^''')'")] , r G T, ^ G Lo([0, 1], JV). (2.6) 

This is the statement of the next proposition. 

Proposition 2.2. essinf r(T, /i) = 3^r(^), for all t £ T and p G Lo([0, 1], J>). 

Proof. The fact that Y^ G r(r, p) implies 1^ ^ y^rip) follows from Proposition 2.1. On the 
other hand, the same proposition implies that each £r[^{M!f'^^''^)] with a G A^-^^ belongs 
to T{t,p). □ 
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Remark 2.1. For later use, note that the assumptions (H^) and (H.j,) ensure that we 
can find € S2 such that |£'f ($(M))| V \yt{fi)\ < Vt, for ah t < T and /i G Lo([0, l],J='t), 
M € Lo([0, 1]). See (i) of Proposition 6.2 in the Appendix. 

Remark 2.2. Note that yrifJ-) = 3^r(/^i)lA + 3^r(/U2)lyl<= whenever /x := /Xilyi + /i2lA= 
for A G J>, /ii,/i2 £ Lo([0, 1], and t ^ T. Indeed, a := + a2lyl=) G 

A^,^ for aU Ui G A^,^,^ with i = 1,2. Since £"1 [$(Mj:'^^'")j = [$(M^^'^'^'"^)j 1^ + 

£f ^{M^f'^^^'"'^) l^c, this impHes 3^T-(/^) < 3^r(/Ui)lA+3^T(Ai2)lA':- The converse inequahty 
follows from the previous identity applied with ai := oIa and 02 := for any a G A,-^^ 
so that ai G At-_^. for i = 1, 2. 

Remark 2.3. Before going on with the study of the set T, let us notice that a similar 
analysis can be carried out for weak constraints of the form S!^ [^(Yt)] > ^ in place of 
Et- [^{Yt)] > h in (2.2), with £^ defined as the /i-expectation associated to some random 
map h satisfying similar conditions as g. In finance, the latter condition interprets as a 
risk- measure constraints, see e.g. [17], while our condition is more related to expected loss 
constraints, see [11]. Again, we try to avoid un-necessary additional technicalities and stick 
to the case h = 0. 

2.2 BSDE characterization of the minimal initial condition 

The main result of this section is a BSDE characterization for the lower bound of the set 
r(T, fj,) of time-r initial conditions of supersolutions of BSDE((7, ^, fi, r). In particular, this 
extends to a non Markovian framework the PDE characterization of [3]. 

For ease of notations, we now fix rrio G [0, 1] and set 

J := m(0''^°)'" , A° := {a' G A^,m- : a' = a dt x dF on |0, r]}, 
I Ao := Ao,™„ and := y (M") for a G Aq, 

where we recall that mC^'™")'" and Ao^mo are given in (2.5). 

Theorem 2.1. For any a G Aq, is indistinguishable from a Iddldg g-suhmartingale, 
and the following dynamic programming principle holds: 

(i) = ess inf Eri^TilyTo]' /^"^ n G T, r2 G T^^. 

Under the additional assumption that 

m G [0, 1] I— ?> <I>(a;,m,) is continuous for P-a.e. a; G ri, (2-7) 
the following holds: 

(a) is indistinguishable from a cddldg g-submartingale, for each a G Aq. 
(Hi) There exists a family (^",/C")agAo C H2 x K2 satisfying 

sup ||(y",^",/C-)||s,,H.xK. < 00 > (2-8) 

«GAo 
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and such that, for all a € Aq, we have 

rT 



= ^{M^) + j g{s,y^,zf)ds- 1 zfaWs + JC" -ic^ on [o,r], (2.9) 

IC^^ = ess inf^ E [iCfjTr,] , V n € T, rs S (2.10) 



and 



(3^-,Z°,/C°)l[o,,] = (3^",Z",/C")l[o,,], VtgT, ogA^. (2.11) 



(iv) {y°',Z°',IC°')aeAo is the unique family of S2 x H2 x K2 satisfying (2.8)-(2.9)-(2.10)- 
(2.11) for all a G Aq. 

The proof of this theorem is reported in Section 5. 

Remark 2.3. (i) The precise continuity assumption needed in the proof is : ^{M^") 
converges in L2 to ^(M^) whenever ||M^" — M^||l2 tends to 0, for any sequence {an)n C 
Aq. However, this condition impUes that $ is continuous, as soon as random variables with 
non-absolutely continuous law with respect to the Lebesgue measure might be considered 
(which is the case here). 

(ii) We shall see in Proposition 3.3 below that $ can be replaced by its m-convex envelope, 
under mild assumptions. In this case, the continuity assumption of the second part of 
Theorem 2.1 can be replaced by a similar continuity assumption on the convex envelope of 
which is clearly a much weaker condition as it only concerns the right boundary point 1 
(since $ is non-decreasing). A typical example is given in Remark 3.4 below. 

2.3 Representation as a BSDE with strong terminal condition 

The previous section raises in particular one natural question: Does there exist an admis- 
sible control a on the whole time interval [0, T] allowing to match all time t- values of the 
minimal solution of a BSDE with weak terminal condition? Rephrasing, we wonder about 
the existence of a control a in Aq such that 



$(m|) 



< t < T . 



Hereby, solving the BSDE with weak terminal condition (\I',mo,0) boils down to solving 
the classical BSDE with the optimal strong terminal one $(M,^): along the optimal path 
a, the compensator /C" of the BSDE (2.9) must degenerate to 0. 

Not surprisingly, the existence of an optimal control requires the addition of convexity 
assumptions on the coefficients of the BSDE. We shall therefore assume that: 



(Hconv) For all {X,mi,m2,t,yi,y2, zi, Z2) G [0,1] x [0,1]^ x [0,r] x 



2. 



^>(Ami + (1 - A)m2) < A$(mi) (1 - A)^>(m2) P - a.s. 
g{t, Ayi + (1 - \)y2, Xz^ + (1 - X)z2) < Xgit, yi, zi) + (1 - X)g{t, y2, Z2) P - a.s. 
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Remark 2.4. We recall the following result which is based on standard comparison argu- 
ments, see e.g. [19, Proposition 7]: For any r G T, the map (S-f [<&(•)] : Lo([0, 1]) — )• Lq is 
convex under Assumption (Hconv)- 

Proposition 2.3. Assume that Assumptions {Hconv) oind (2.7) hold. Then, for any 
(r, a) € T X H2, there exists d"^'" € A" such that 



Remark 2.5. As detailed in Remark 3.3 below, the convexity assumption on the terminal 
map 4> can be avoided in some cases. In particular, if $ is deterministic then it can be 
replaced by its convex envelope. Then, only the convexity assumption on g has to hold. 



Proof. Lemma 5.1 below provides a sequence (a")n valued in A" such that 

= lim I £9 \^{Mf)\ , P - a.s. 



(2.12) 



Since the sequence (M^")„ is bounded in [0, 1], we can find sequences of non-negative real 
numbers (A^)i>„ with Ylii>n = 1' such that only a finite number of A" do not vanish, for 
each n, and such that the sequence of convex coinbiiicitions (Af^)^ given by 



(2.13) 



i>n 



converges P — a.s. to some Mt € Lo([0, !])• By dominated convergence, the convergence 
holds in L2, in particular Et-[Mt\ = -/Vf^, and the martingale representation Theorem 
implies that we can find d G A" such that Mt = M^. Using the convexity of $ and g, see 
Remark 2.4, we deduce that 



>£l 



$(M^) 



By (2.12), y^" — > P— a.s. On the other hand, the convergence 
with the boundedness and a.s. continuity of <I> implies that <I>(M^) 



in L2 combined 
^>(M|) in L2, after 



$(M| 



e^r [$(M| 



possibly passing to a subsequence. Therefore the convergence Er 

P — a.s. follows by Proposition 6.1 below. This gives > £t [$(M/p)] , while the converse 
holds by definition of y!^. 

It remains to show that y" = £^^, [3^"] , for r' G To see this, first note that the above 
implies that y" = £^^, [£^,[^{M^)]\ > £^^i \y^t\ by standard comparison arguments and 
the fact that £^^,[$(M^)] > y^, by definition. As above, we can find a sequence (d") G A° 
such that £^i [$(M,^")] y^, P — a.s. In view of Remark 2.1, the convergence holds in L2 
and Proposition 6.1 below implies 



yr < £r,r' 



^>(m| 



fa 

r,T' 



y? 



where we used the fact that G A", C A" to obtain the left hand-side. 



□ 
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2.4 Link with second order BSDEs 



Note that the formulation of Theorem 2.1(iii), is very close to the one obtained in [21] for 
2BSDEs. The connection with 2BSDEs can actually be established more precisely, at least 
at an informal level, in the case where the driver g and <I> are deterministic maps, and g 
does not depend on its Z-component. 

Given a G Aq, let {Y°',Z"') denote the solution of the classical BSDE(g, <I>(M^)). If a 
belongs to the subset Ao,>o of elements of Aq that have dt x dF-a.e. non-zero compo- 
nents, we can define Y°' = —Y'^ and Z"'* := — Z"'Ya*, i = l,...,d. Let us also set 
E{b) := -$(mo + Eti b'), f{; •) := -g{; -), and B^'^ := aldW^. Then, 

= E{B!^) + j f{s,Y^)ds- j Zf on [0, T] , P - a.s. 

Let Po denote the Wiener measure and P° = Po o denote the pull-back measure 

associated to on the canonical space. Then, the canonical process B has the same law 
under P"^ than under Pq. This implies, at an informal level, that Y" has the same law 
under Pq than Y^" under P", where (y'^", Z^") denotes the solution of the BSDE 

Y^" = E{Bt) + fis, YDds - Z^dBs on [0, T] , P° - a.s. 

An informal density argument then leads to 

— 3^0 = ess sup Y^ = ess sup Y^ = ess sup Yq . 

oGAq aGAo,>o aGAo,>o 

In view of [21, Theorem 4.3], this corresponds to the time value of the y-component of the 
2BSDE with driver / and terminal condition E{Bt), for the family of probability measures 
{P",a G Ao,>o}- The corresponding time t values could be similarly related. Note that in 
our setting {y" , Z^)s<t only depends on the path of the control a up to time t, see (2.11). 
In 2BSDEs, this dependency is incorporated in the dependency of the solution on the path 
of the canonical process: the solution is progressively measurable with respect to the right 
limit of the raw filtration. The dependencies are therefore similar. The difference lies in 
the fact that the solution of a 2BSDE, when it exists, is defined at the same time for all 
measures P". This requires a non-trivial aggregation procedure which does not appear in 
our setting. 

Since this connection is, at least for the moment, more of rhetorical nature, we will not 
elaborate further on it in this paper. 



3 Main properties of the minimal initial condition process 

In this section, we emphasize remarkable properties of the map yt ■ ^ G Lo([0, 1], J-f) i— ?> 
3^t(/x), for t G [0,T). We first derive the continuity of this map under a weak continuity 
assumption on S^[^{-)]. Then, we verify that this map (or more precisely its l.s.c. envelope) 
is convex, and discuss the propagation of the convexity property to the time boundary T— . 
Finally, we retrieve, in this non-Markovian setting, a dual representation of the map yo, 
using solely probabilistic arguments. 
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3.1 Continuity 

Our continuity result is stated in terms of the quantities 

Errtirj) ■.= esssnp{TZt{M,M') : M, M' G Lo([0, 1]) , Et[\M - M'f] < r]} , 

defined for r] € Lo([0, 1]), in whicfi 

ntiM,M') := \S!mM)]-S!MM')]\. 

Observe that classical a priori estimates on BSDEs ensure that Errt{r]n) — )• as 7?n ^ 
P — a.s. with {r]n)n C Lo([0, 1]), whenever <I> is a deterministic Lipschitz map, see e.g. 
Proposition 6.1 below. This observation remains valid when $ is simply continuous, via a 
classical convolution density argument for Lipschitz maps on bounded domains. The next 
result indicates that this property ensures regularity on the map: // i-^ 3^t(A*)- 

Proposition 3.1. Lett <T, fii,fi2 G Lo([0, 1], -T^t). Then, 

lyM-yMl < Errt{A{fii, fi2)) + Errt{A{fi2, fii)), 

where 

A{tii,Hj) := (1 - ■^)1{^^<^^,} + ^■^ 1{^^>^^.}, i,j = 1,2. 

Moreover, 
and 

|3^t(m)-3^t(/^2)|l{^,=i} <esssup{7^t(l,M) : Mg Lo([0,l]), ^t[|l - Afj^] < 1 - ^2} , 

In particular, if Errt{i]n) — > P — a.s. as — )■ P — a.s., for all {i]n)n C Lo([0, 1]), then 
^ G Lo((0, 1), J-f) I—)- ytd-i) is continuous for the sequential P — a.s. convergence and the 
strong L2 convergence. 

Proof. Step 1. Fix /Ui,/X2 G Lo([0, l],Tt)- Given 02 G Af^^ji '^^ define 
which is by construction valued in [0, 1]. Since M^*'^^^'"^ takes values in [0, 1], 

JV^(i,w),Aa2 ^ _ ^ ^^(i,A.2),"2 ^ [^^ _ X^^,n^ + A(l - /i2)] C [0, 1] . 

In particular, Aa2 S -^t.Mi- Thus, (2.6) leads to 



Besides, 
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so that, since M^*'^^^'"^ belongs to [0, 1], we have 

^11-1 + A(l - ^2) < iv4*'^^)'^"^ - < /ii - A^2. 

In addition, 

fii — Xfi2 = , if /.fi < /.f2 , and 

fil - I + \{1 - fl2) = , if Hl> H2 ■ 

This directly leads to 

Since these two processes belong to [0, 1], we get 

St[|M^'^^)'^"^ - Mif''^^)'"^^] < A(^i,/i2). 
Hence, the arbitrariness of 02 € Aj^^j together with (2.6) and (3.1) provides 

3^t(m) < yt{^l2)+Errt{/\{^^l,H2)) . 
Interchanging the roles of ^1 and ^2 leads to 

< 3^t(m) + ^m(A(^2,w)) . 



Step 2. We next consider the case where P [^1 = 0] > 0. Without loss of generality, 

:,^2. Since At^^-^ 



we can assume that ni = 0. Fix a € Af^^j. Since Af^^-^ = {0}, mI*''^^^'" > and $ is 



non-decreasing, comparison implies that 

In particular, yt{0) = £!M0)] < yt{fi2) < [«>(M^*'^^)'°)] = ($(//2)). 

Step 3. We now consider the case where P [^1 = 1] > 0. Again, we can assume that 
/xi = 1 so that At^^-^ = {0}. By comparison as above, one has 

yt(.i) = £![m]>yt{f^2). 

On the other hand, since is a martingale taking values in [0, 1], we have 

Et[\l - M^''^'^'^] < Et[l - M^*'^^)'"] = 1 - /.2, a e At,,,, 
from which the result follows. □ 
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3.2 Convexity 

In [3] and [12], it is shown that the map m G [0, 1] i— )> yo{m) is convex. This is done in 
a Markovian framework using PDE arguments. In this section, we provide a probabihstic 
proof of this result which hereby extends to our setting. The result is stated for the lower- 
semicontinuous envelope 3^t* of 3^t defined as 

yM := limessinf{J^t(/i') : - fi\ < e, ^i' G Lo([0, 1], -F*)}, (3.2) 

for any t G [0, T]. We refer to Proposition 3.1, the discussion before it and to (ii) of Remark 

2.3 for conditions ensuring that y^ = y. 

We first make precise the notion of convexity adapted to our non-Markovian setting. Fix 
a time t G [0, T]. 

Definition 3.1 ( J-j-convexity) . 

(i) In the following, we say that a subset D (Z Ijod{^, J~t) is Tt-convex if + — X) ^2 ^ 
D, for all fj.1, fi2 & D and A G Lo([0, 1], 

(ii) Let D be an Ft-convex subset of 'L^iM., Ft) ■ A map J : D ^ L2(M, J^f) is said to be 
Ft- convex if 

Epi(^) := {{fi,Y) eDx L2{^, Ft) : Y > J{fi)} 

is Ft- convex. 

(Hi) Let Epi'^(3^t) be defined as the set of elements of the form ^n<N ^^nifJ-n^Yn) with 
{fJ-n,Yn, Xn)n<N C Epi(3^t) X Lq ( [0, 1] , /"t ) such that Y^.^^]sfK = I, for some N > 1. 
We then denote by Epi (3^^) its closure in L2. Finally, the Ft-convex envelope of yt 
is defined as 

yfifi) := essinf{y G L2(M, Ft) : {fi, Y) G W\yt)}. (3.3) 

We can now state the convexity property. It requires a right continuity property in time, 
which holds under the conditions of Theorem 2.1(ii), also recall (ii) of Remark 2.3. 

Proposition 3.2. Assume thatyt{n) = 3^i+(/^) for any n G Lo([0, 1], Ft) andt < T. Then, 
the map fi G Lo([0, 1], Ft) ^ yt*{li) is Ft-convex, for all t <T. 

Proof. Fix t G [0, T) and set D := Lo([0, 1], J-i) for ease of notations. The proof is divided 
in several steps. 

Step 1. (/i, y^i^x)) G W^\yt), for all fi^D. 

Indeed, the family F := {Y G L2(M, J'f) : {fJ-,Y) G Epf{yt)} is directed downward (for 
every fixed element fi in D) since y^l{yi<y2} + y^l{yi>y2} G F, by /"t-convexity of 
Epf{yt), for all Y^,Y'^ G F. It then follows from [13, Proposition VI. 1.1] that there exists 
a sequence (r")n>i C F such that | y^{fi) P - a.s. Since Y^ and y^{fi) G L2, the 
monotone convergence Theorem implies that y" — )■ (/u) in L2, as n goes to infinity. The 
set Epi'^(3^() being closed in L2, this proves our claim. 



13 



Step 2. Let € S2 be as in Remark 2.1. Then, |3^f (/i)| < rjt, for all t <T and fi D. 

We first observe that 3^ > 3^^^ by construction. Remark 2.1 thus imphes that (/i) < i]t- 
On the other hand, let (l^")n>i be as in the step above. We claim that it satisfies > —rjt, 
for each n > 1. Then, the lower bound (/t^) > —i]t is obtained by passing to the limit. To 
see this, it suffices to prove this property for any Y € L2(M, Tt) such that {p, Y) G Epi'^(3^f). 
But, such an element {fi, Y) is obtained by taking the L2 limit of elements of the form 

Yln<N ^n{fJ-n,Yn) with {Hn,Yn, Xn)n<N C Epi(3^t) X Lo([0, 1] , J't ) , SUch that ^n<N = 1- 

Each Yn of the latter family is bounded from below by —r]t by Remark 2.1, and hence so is 
Y. 

Step 3. The map fj, £ D ytit^) Tt-convex. 

Fix G D and A € Lo([0, l],Tt). Step 1 implies that {fi\y^{fi')) G W^^iyt) for i = 

1, 2. Clearly, W^^iyt) is -Frconvex. It follows that {Xn^ + {l-X)n^, Xy^ifi^) +{1-X)yf{n^)) 

G Wi\yt), so that xy^ifi^) +(1 - x)yf{fi^) > y^iXfi^ + (i - a)^^)^ ^^^^ ^^^^y yi ^^^i^ 

that {fi\Y') G Epi(3^f), one has Y' > y^{n'), i = 1,2. This fact combined with the 
previous inequality thus implies XY^ +(1 — X)Y'^ > y^^Xfi^ + (1 — A)/i^). This means that 
Epi(3^j'^) is J^t-convex. 

Step 4. yM > yfifi), for all fie D. 

Fix e > and set Z)^ := - /u| < e, ^' G Lo([0, l],I't)}- It follows from Remark 2.2 
that the family {3^t(/i') : /i' G -D^} is directed downward. Then, we can find a sequence 
{fJ'n)n>i C such that 

3^t(/x^) ^ := essinf{3^f (^0 : G Z?^} P - a.s. 

Since (Z£(/i))£>o is non-decreasing, limjv->cxi ■^i/7v(^) = recall (3.2). Note that 

Remark 2.1 implies that {yt{fJ'l/^))n>i -^n ^1/^(^1) in and define 

kN := min{n > 1 : - ZyM\\j^^ < V^V}- 

Then, {f^lf,yt{fi^^)) ^ (Ai,3^t*(^*)) in as iV ^ 00. Since Epi(3^C E^'(3^t) and the 
latter is closed under L^-convergence, this implies that (//,3^t*(^)) G Epi (yt)- We conclude 
by appealing to the definition of y^ in (3.3). 

Step 5. y^in) > yM, for all ^eD. 

In view of Steps 3 and 4, the result of Step 5 actually proves that 3^^* = y^ is /"t-convex. 
We now proceed to the proof of Step 5 which is itself divided in two parts. 
Step 5. a It follows from Step 1, that there exists a sequence 

(^„,K„,A;^)„>i,jv>i C Epi{yt) X Lo([0,l], j;) (3.4) 

such that X]n<Ar — 1' fo'^ ^nd 

{fiN,YN) := J2 {f^n,Yn) ^ {fi, (m)) in L2. (3.5) 

n<N 
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Fix > 1 and e > 0. Let € H2 be such that (xn = mo + /g^a^dWs. Since the 
family {Xn )n<N is composed of /"^-measurable random variables summing to 1, one can 
find G H2 and a random variable G Ij2{J-t+e) such that 

rt+e 

fiN + j a^dWs = and P [^n = Mn|-^t] = A^^ , for n < N. (3.6) 



Without loss of generality, we can assume that = dt x dP on [0,t]. Then, (i) of 
Theorem 2.1 and Remark 2.2 yield 

ytiM = yf < £it+eiyO = ei+eiytueN)) = [ E h^^=,^yt+eM 1 . (3.7) 



,n<N 



We claim that 



hminf I E h^,=>^^yt+eM I < E ^nytitJ^n 



(3.e 



,ri<Af 



n<N 



Then, (3.7), (3.8), (3.4) and (3.5) lead to 

yt{M < E ^nytif^n) <Y.^nYn = Yn . 



n<N 



n<N 



Appealing to (3.5), we deduce that 

liminf3^t(/i^) <3;f(/i). 
Since /^at — )• /i P — a.s., this together with Remark 2.2 implies that 
Zeilj) < liminf 3^((/iAr) = liminf {yt{^lN)^{\ilJ^-^,\<e} + yt{^J')'i-{\^lJ^-^^\>e}) < yfifJ-), 



for all e > 0, where 



/iAT :- Aivl{|Ajv-A«|<£} + /^l{|Aiv-Ml>£} ^ ^% 



see Step 4 for the definitions of Z^d-i) and L*^. Since Z^d-i) t yuifJ-) as e J, by (3.2), this 
shows the required result. 

Step 5.b It finally remains to prove the claim (3.8). 

Remark 2.1 and (ii) of Proposition 6.2 in the Appendix imply that 



E kh=f^nyt+e{f^n) < Et 



,n<N 



n<N 



l€Ar=Mn3^t+e(/^ri) 



+ Ve 



< Et 



E ki,=t^nyt{f^n) 



n<N 



n<N 
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where % — > P — a.s. as e — )■ 0. The right-hand side of (3.6) then leads to 

\n<N J n<N 

+ ^Et[\yt+e{f^n)-yM\]. 

n<N 

Recah that yt-\-{fin) = ytifJ^n) by assumption, and that (3^(/U„))„ is bounded by some 
7? € S2, see Remark 2.1. Sending e — )■ in the above inequahty and appeahng to the 
Lebesgue dominated convergence Theorem proves (3.8). □ 

In the context of PDEs, convexity in the domain propagates up to the boundary, which 
leads to a boundary layer phenomenon. In [3] and [12] this translates in the fact that the 
natural T-time boundary condition should be stated in terms of the m-convex envelope of 
^. We observe hereafter that this property extends to our non-Mar kovian setting, whenever 
^ is deterministic. 

We recall from Theorem 2.1 (i) that y can be associated to a ladlag process, up to 
indistinguishability. As opposed to Proposition 3.2, we shall not need to impose any right- 
continuity for the following. 

Proposition 3.3. Assume that <I> is deterministic and that its convex envelope <& is con- 
tinuous on [0,1]. Then, 

y^_ = ^{M^) and y^ = ess inf £^ [$(M^') 

for all a G Aq and t such that t < T. 

Before proving this result, let us make some observations. 

Remark 3.2. Since $ is non-decreasing, its convex envelope is continuous on [0, 1) and 
coincides with $ at points 1— and 1. Hence $ is continuous on [0, 1] if and only if $ is 
left-continuous at 1. 

Remark 3.3. In Section 2.3, we observed that the essential infimum in the dynamic pro- 
gramming principle is attained whenever ^ and g are convex. Hence, the previous propo- 
sition allows straightforwardly to avoid the convexity requirement on whenever it is 
deterministic. 

Remark 3.4. The proof below can easily be adapted to the case where $(i^, m) = (f){m)^[uj) 
for some non-negative random variable ^ and a deterministic map (j). This is due to the 
fact that the m-convex envelope of $ is fully characterized by the convex envelope (j) of 
(p: 4>(w,m) = (f){m)^{uj). This allows one to follow the construction used in our proof. In 
particular, in the quantile hedging problem of Folmer and Leukert [10], one has ^{oj, m) = 
l{m>o}C('^) ("T- S [0, 1]), with ^ taking non-negative values, so that ^{uj,m) = m^{uj), see 
also [3]. 
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Remark 3.5. Our proof could also be adapted to Markovian settings in which the ran- 
domness in <^ is driven by the terminal value of an SDE. This will be done in the context 
of Section 4 below, see Proposition 4.3. Again, it is clear that a more general probabilistic 
argument could be used as well under suitable regularity conditions. 

Proof of Proposition 3.3. We prove each assertion separately. 

Step 1. By definition of the convex envelope, we can find a measurable map m € [0, 1] i— ?> 

(p(m), p(m), e(m)) G [0, 1]^ such that p{m) < m < p(m), e{m)p{m) + {l — e{m))p{m) = m 
and 

6(?n) = e{m)^{p{m)) + (1 - e(m))<I>(p(m)) , 

for any m G [0,1]. Let t„ t T. Then, one can find a" G Af^ and C e Lo([0, 1]) 
such that Mf = M^^ + f^^a'^dWs = where IP [r = p(^t" )l-^tn] = ^iM^J and 
P = p(M^" = 1 — e(M^"). It follows from the above and (iii) of Proposition 

6.2 in the Appendix that 

where — t- as n ^ oo. Since y can be considered ladlag, up to indistinguishability (by 
Proposition 5.2), passing to the limit implies that 

y^_ < ^(M^). (3.9) 

We now prove the converse inequality. We use (iii) in Proposition 6.2 in the Appendix and 
Jensen's inequality to deduce that 

y,:' := Sf^^^l^M^')] > Et„ [l>(M^')] - f?„, > ^{M^J - fj^ , a' G A° , 

where f/„ — )• as n — >■ oo. Combining the arbitrariness of a' G with the ladlag property 
of y, we get that 

y^ > liminf ess inf y/ > $(M^) . 

in 

Step 2. It follows from Theorem 2.1 (i) that 

yr = ess^mf ^ £^^t^^^[yt^,] , n G N . 

The process 3^"'^ being ladlag, lim„_>.oo 3^t°'vT = ^t- well-defined. Moreover, it follows 
from the bound in Remark 2.1 that the convergence holds in L2. In view of the stability 
result of Proposition 6.1 and Step 1. above, passing to the limit as n — )■ 00 leads to 

3^"<ess inf £9[y^'_] = ess inf £m{M^')]. 
Since the reverse inequality holds by definition of y^ in (2.6). □ 
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3.3 Dual representation 

In this section, we provide a dual formulation for the minimal initial condition at time 0, 
m I— 7- yo{m). It requires the introduction of the Fenchel transforms of g and 
We therefore define 



{u}, /) G X 



sup (ml — ^{uj,m)) 

me [0,1] 



and 



g : {uj,t,u,v) e X [0,r] X M X 



^ sup (yu + z'^'v - g{uj,t,y,z)] . 

(y,z)GMxR'* ^ ^ 



Remark 3.1. It follows from the assumption (H^) that the domain of ^(w, t, •), dom(^(c<;, t, •)), 
is contained in [—Kg,Kg]'^~^^ for F— a.e. a; € and all t <T. The assumption (H,j,) ensures 
that the domain of ^{u}, •) is the all real line, P — a.s.. 

In the following, we denote by A the set of predictable processes A with values in M x M*^ 
such that Xt{uj) € dom(^(a;,t, •)) for Leb x P-a.e. {ui,t) G x [0, T]. 
To A = [u, 'd) G A, we associate the process defined by 



1^ = 1+ [ L^s^sds + [ L^JsdWs , t G [0,r]. 
Jo Jo 



Our dual formulation for is stated in terms of 



Xo{l) := inf X[,'^, I > 0, 
AeA 



where 



X 



E 



T 



L^g{s,Xs)ds + L^^{l/L^] 



A G A , / > 0. 



The fact that the Fenchel transform of provides a lower bound for 3^o is straightfor- 
ward, and detailed in Proposition 3.4 below for the convenience of the reader. For ease of 
notations, we now write A^ for Ao,m, M™'" for M^"'"^)'", and denote by (Y"^'°', Z^'") the 
solution of the BSDE(5, $(M™'")), a G A^. 

Proposition 3.4. yo{m) > sup;>o (^"^ ~ -^0(0); /'^'^ ^ [0^ 

Proof. Fix a G A^ and A = {v, "&) G A. Then, it follows from the definition of ^ and g 
that 



E 



1 rp Ijrp 



< Y^J'^'^ + E 



9{s,Y^'^,ZTn]ds 



LJ{s,Xs)ds 



and 



L^Hl/L^), 
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for I > 0. Note that, in the above, we have cancehed the expectation of the local martingale 
part /(f (L^Zr'° + Yj^'''L^'ds)dWs although L^Z'^'°' might not belong to Hg. If not, one 
may use a localization argument since all other terms belongs to uniformly in time. 
Combining the above and using the martingale property of iW"'" yields 



Yq > Lm — h 



r L^g{s,Xs)ds + L^^{l/L^) 
Jo 



lm — X^^^ 



The result follows from the arbitrariness of /> 0, A € A, and a € A^- n 

We now show that equality is satisfied in Proposition 3.4 whenever existence holds in 
the dual problem. This is proved under the following assumptions. Let be the set of 
continuously differentiable maps with bounded first derivatives. 

Assumption (H^) The following holds for Leb x P-a.e. {t,uj) € [0, T] x fl: 

(a) the maps ^*(a;, •) and g{uj, ■) are on their domain, and dom(^(a;,t, •)) is closed; 

(b) |Vl>(w,-)| + \Vg{uj,t,-)\ < X$,g(w), for some x^^g e U{ 



(c) ^{uj, m) = sup lm - <i>(w, /) , for all m € [0, 1]; 

i>o ^ ' 

(d) giuj^ t, y, z) = max [yu + v — g{io, t, u, v)) , for all (y, z) S M x R'^. 

In the above, V<& and Wg stands for the gradient with respect to / and {u, v) respectively. 

Note that (a) and (b) are of technical nature, while (c) and (d) mean that $ and g are 
convex, i.e. coincide with their bi-dual. The latter is a minimal requirement if one wants 
the duality to hold. 

Proposition 3.5. Let Assumption (H^) hold. Assume further that there exists I > and 
A € A such that 

sup {bn - Xo{l)) = lm - Xo{l) = lm - X^'^. (3.10) 

l>0 

Then, there exists a G A^ such that 

y^{m) = Y^^^ = im-X4). 

It satisfies 

= F(y"^'",Z"'°) -5(-,A) and $(M™'°) = M^'"/7^^-l>(VL^). 

(3.11) 

Before to provide the proof, let us make the following observation which pertains for the 
case of a linear driver g. 
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Remark 3.2. Assume that g is hnear, i.e. there exist bounded predictable processes 
and A^ such that g : {uj,t,y,z) i— )■ g{uj,t, 0,0) + Aj {uj)y + Af{uj)z. In this case, 
A = {{A^ ,A^)} and therefore 



^o(0 = E 



L,g{s,A^,A^)ds + LTm/LT) 



with L given by 



= 1 + / LsA^ds + /" L.^fdiy, , t € [o,r]. 
Jo Jo 



Then, the dual formulation of Proposition 3.5 above drops down to finding I which maxi- 
mizes Im — Xq{1). This generalizes the result of [10] and [3] obtained for quantile hedging 
problems in linear models of financial markets. 

Proof of Proposition 3.5. We split the proof in two steps. 
Step 1. For ease of notations, we set L := L^. By optimality of /, one has 



Im — E 



Lt^{1/Lt) >m{i+L)-E LtH{1 + l)/Lt) 



for all i > —I. Since $ is by construction P — a.s. convex, this implies that Cl '■= V$((Z + 
i)/LT) satisfies mi < E[(^]l, for all l > —I, recall (H^) (a) and (b). Taking l of the form 
— 1/n and then 1/n, for n ^ oo, and using (H^) (a) and (b) then leads to 



m = E[C] where C := S/^{1/Lt) 
We now appeal to (H^) (c) to deduce that 

^C) = ai/LT)-Hi/LT). 



(3.12) 



(3.13) 



By construction, $ is P — a.s. 1-Lipschitz and non-decreasing, i.e. C £ Lo([0, 1]). In view 
of (3.12), the martingale representation Theorem then implies that we can find d E A^ 
such that Mt ■= MJP'" = (. 

Step 2. We now write (z>, i?) := A and fix A = (z>, 0) G A to be chosen later on. Clearly, A 
is convex. Hence, A^ := (1 — e)(z>, i?) +e(z/, ??) S A, e € [0,1]. Moreover, direct computations 
show that 



\e=0 



LR where R 



in which we use the notations 5X := {5v, (5t?) := [v — i),-d — {}). 

Recalling that elements of A take bounded values, see Remark 3.1, and arguing as in Step 
1, one easily checks that the optimality condition Xq"^ > Xq^, for all e G [0, 1], implies that 
fj := Vg{-, X) satisfies 



< ^ 
= E 



T 



Ls Rs~g{s, Xs) + rij6Xs ds + RTLTm/LT) - {I / Lt)V^{1 / Lt)) 



T 



Ls ( Rs~g{s, Xs) + fildXs ) ds - RtLt^Mt 



(3.14) 
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in which we used (3.12), (3.13) and the relation ( = Mt to deduce the second equahty. Let 
(y, Z) be defined by 



Y := L~'E 



and Z ■.= Z - 



where Z G H2 is imphcitly given by 



LtYt = LtHMt) - f Lsg{s, Xs)ds - [ LsZ^dW^, 0<t<T . 
Jt Jt 



(3.15) 



(3.16) 



The above combined with (3.14) imphes 



< E 







L, Rsg{s, \s) + ??J 5\s ds - RtLtYt 



Recalhng the definition of R and i) and applying Ito's Lemma, this leads to 



< ^ 



Lgifis - {Ys,Zs)] 6Xsds 







E 







(3.17) 



By Assumption (H^) (a). Remark 3.1 and [1, Theorem 18.19, p. 605], one can choose A G A 
such that 



A = argmin {/(•, n, u), {u,v) G dom(^(-))} Leb x P— a.e. 



where 



/ : {uj,s,u,v) ^ [\/g{u,s,Xs{uj)) - (Ys{uj), Zs{uj))) {u - i's{uj),v - t?s(w)) 



Considering now Relation (3.17) with A chosen to be equal to Al^^. ;;)^q|, we see that, for 
Leb X P-a.e. {u},t) G x [0, T], the gradient At{uj) at Xt{uj) of the convex map 

(u, v) G dom(^(a;, t, •)) F{uj, t, u, v) := g{uj, t, u, v) — uYt{u}) — Zt{oj) 

satisfies 

At(a;)^(5 - Xt{uj)) > , for all b G dom{g{uj, t, •))• 

This implies that Xt{uj) minimizes F{u}, t, •) for Leb x P-a.e. (cj, t) G x [0, T] and therefore 
we compute 

^(., A) = F(y, Z) - g{-,Y, Z) Leb X F - a.e. 

by (H^) (d). Combining the above identity with (3.16) leads to {Y,Z) = (Y'^A ^ z""'^). 
Then, by using (3.12), (3.13) and (3.15), in which Lq = 1, we obtain 



Y 

J- n 



E 
E 

Im — E 



LtHMt) - / Lsg{s, Xs)ds 



Lt[C,1/Lt - ^{1/Lt. 



T 



Lsg{s,Xs)ds 







T 



LtHI/Lt)+ / Lsg{s,Xs)ds 
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In view of Proposition 3.4, this concludes the proof. □ 

We now state the reciprocal statement: existence in the primal problem provides existence 
in the dual one. Here again, we need to impose some additional technical conditions. 

Assumption (H^) The following holds for Leb x P-a.e. {t,u!) € [0, T] x fl: 

(a) the maps ^{uj, •) and g{u},t, •) are on [0, 1] and M x M*^ respectively; 

(b) \V^{uj, •)! < x^{^), for some G L2(M). 

Proposition 3.6. Let Assumption (H^) hold. Let I > be fixed and assume that there 
exists m € [0, 1] and a S such that 

sup sup {ml — yQ{m)) = ml — Y^'°' . (3.18) 

mG[0,l] aGA„i 

Then, there exists A € A such that 

yo{ih) = ml — Xo{l) = ml — Xq'*' , 
and A satisfies (3.11) with m = m and 1 = 1. 

Proof. Given e € [0,1], a martingale M with values in [0,1], m := Mq, we set mg := 
771 + e(?n — m), := M + e(M — M), where M := M"*'". For ease of notation, we set 
{Y,Z) := {y^A^z"^^^) and denote by (y^^'') the solution of BSDE(5, $(M|.)), 5m := 
m-m, {5M, 5y^ 8Z') := (M - M,Y^ - Y, - Z). 

Step 1. We first show that e~^{6Yg , 5Zl) converges in S2 x H2 as e ^ to the sohition 
(VF, VZ) of 

VYt = V^{Mt)5Mt + I Vgis, Y,, 4)^(Vy„ VZ^)^^ - / VZ^dW^ ,t<T. (3.19) 

Jt Jt 



First note that existence and uniqueness of the solution to the above BSDE in guaranteed 
by Assumption (H^). 
Letting := e-\^{M§.) - $(Mt)), one easily checks that £-^(5^/, 5Zf ) solves 

~f' ^ J + J \^r^ + dr, 

where 

A^'^ := [ dyg{r,Yr + e6Y^^ , Zr)de and ^f'^ := [ d,g{r,Y^' , Z,. + e6Z^)de. 
Jo Jo 

In the above, dyg and dzg denotes respectively the partial gradients of g with respect to y 
and z, recall (H^). The Assumption (H^) implies |^^'^| + \A^''^\ < Kg. 

We now set U"" := e'^^F/ - VF, := e'^dZ^ - VZ and C := T - V$(Mt)'JM. The 
pair {U^ ^ V^) is an element of S2 x H2 and solves 

cT 



[ V^'dWr+ [ {A^'^U^ + A^'^V^' + R'^.) dr , 0<s<T, 

J s J s 
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with 



Rl := VZriA^'' - d.gir, %, 4)) + VYM^'' - dyg{r, Yr, 4)) , < r < T . 

Hence, by stability for Lipschitz BSDEs (see Proposition 6.1 in the Appendix) there exists 
a constant C > (which does not depend on e) such that 

\W'\\k + II^IIh. < c (iicilL + WKWl,,) . (3.20) 

The result of Step 1. will follow if we prove that the right-hand side of the inequality (3.20) 
vanishes as e tends to zero. The convergence of H-R^llHa ^ follows from Assumption 
(H^) and the convergence of Mj, to Mt- As for the second term, it suffices to prove that 
(y^,Z^)£ converges in S2 x H2 to (Y,Z), and to appeal to (H^) and (H^). The latter is 
obtained by standard stability results, see Proposition 6.1 below, which imply the existence 
of a constant C > (which does not depend on e) such that 

\\Y' - Y\\l^ + \\Z' - < C\MM^) - ^Mt)\\1, -^e^o 0. 

In the latter, the convergence follows from Lebesgue's dominated convergence Theorem and 
assumption (H^). 

Step 2. By optimality of (m, a), Yq — m^l — + m/ > 0, for any e > 0. In view of Step 
1, dividing by e > and sending e — )• leads to 

< V^{Mt)5Mt -I5m+ / Vg{s, Y,, Z,)^(VF^, VZs)ds - / VZsdWs = VFq - Wm, 

JO Jo 

after possibly passing to a subsequence. 

Set L := where A := Vg{-, Y, Z). Observe that the latter belongs to A. For later use, 
also notice that 

g{;Y, Z) = (z>, ^)"^(y, Z) - ~g{; u, (3.21) 

see e.g. [18]. Then, it follows from (3.19) that LVY is a martingale. The previous inequality 
thus implies that 

< LoVyo -lSm = E 

in which we used the fact that Lq = 1 and E[5Mt] = Sum. Since Mt can be any arbitrary 
random variable with values in [0,1], this shows that, P — a.s., Mt{ijo) minimizes m € 
[0,1] I—)- $(a;,m) — ml/ Lt{uj)- Hence, 

MtI - Lt^{Mt) = Lt^{1/Lt), 

see e.g. [18]. Combining the above identity together with (3.21) and using Ito's Lemma 
leads to Irh — Yq = Xq^. One concludes by appealing to Proposition 3.4. □ 



LtVYt 



I6m = E 



LtSMt ( V^'(Mt) - 1/Lt 
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4 PDE characterization in the Markovian case 

4.1 The Markovian framework 

In this section, we specialize to a Markovian framework. Given (t, x, m) € [0, T] x R*^ x [0, 1] 
and a € H2, we let (X*'^, M*'™'") denote the unique strong solution of 

X*'^ = x+ r b{Xl''')dr+ r a{Xl''')dWr, s G [0, T] 

JtVs JtVs 

^t,m,a ^ f ardWr. 

JtWs 

In the above, 

(5, a) -.W^ X R'^'"^ is Lipschitz continuous. (4.1) 

Given two deterministic maps ^ : M'^ x M i-^- [0, 1] U {-00} and 5^ : M*^ x M x M'^ i-^- M, we set 

^tA-) ■■= ^(^t"' •) and 5t,x := ') , {t.x) € [0, T] x M'^. 

We assume that, for each x G M'^, y S M 1— > l{x,y) admits a right-inverse 

£~^{x,m) := inf{y G M : £{x,y) > m} 

which is measurable and maps [0, 1] into itself. We then set ^t,x{uj,m) := i'^ {Xljf' (uj) , m) 
for m £ [0, 1]. 

The set T{t,x,m) is defined as T{t,m) in (2.3) but for "^t,x and gt^x in place of ^' and g. 
We shall also use the notations 

yt,x{m) := essinf r(t, X, m) 

and 

Yt,x,m,a _ ^9^-[$^^^(M^'"'")], a G At,m. 
All over this section, we assume that 

(x, y, 2) G M'^ X M X M'^ i-> g{x, y, z) is Lipschitz continuous. (4.2) 

4.2 Link with stochastic target problems with controlled loss 

We first relate 3^j,a;("^) to the stochastic target with controlled loss problem of Bouchard, 
Elie and Touzi [3]. Given Z G H2, we let y^'C*'^'^) denote the solution of 



Ys = y 



[ g{Xl''',Yr,Zr)ds+ [ ZrdWr, s e[t,T]. 
Jt Jt 



Proposition 4.1. The map {t,x,m) G [0,T] x M'^ x [0, 1] 1— )■ yt,x(,'m) admits a deterministic 
version and satisfies 

yt^^{m) = v{t,x,m) := inf |y G M : 3Z G H2 s.t. E *t,^(y/'^*''''^^) > m} . (4.3) 
It has linear growth. 
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Proof. The linear growth property fohows from the boundedness of <I>, (i) in Proposition 
6.2 in the Appendix, (4.1) and (4.2): 



|5(X*'^,0,0)| < C(l + sup |X*'^|), where S 

t<s<T 



sup |X, 

t<s<T 



t,x\2 



<C{l + \x\) 



for some C > 0. 
The rest of the proof is divided in several steps. 

Step 1. We first show that {t,x,m) G [0,T] x M*^ x [0,1] i-^- yt,x{m) is deterministic. 

We proceed as in [5]. Let H denote the Cameron-Martin space of absolutely continuous 
elements h ^ Vt whose Radon-Nikodym derivative h is square integrable for the Lebesgue 
measure on [0, T]. One sets Hf := {h H : h = h{- A t)} and J/jO; = uj + h, uj^^Q, Ht- 
It suffices to show that yt,x{fn){^h) is independent of /i € Ht, see [5, Lemma 4.1]. Let 
a G H2, h € Ht, and set := a{5h-)- Note that 



G At^m if and only if a G Aj^m, h G Ht. 



(4.4) 



Then, X*'^((5,,) = X*'^ and M 



ft.m.a 



M*''^'°'{5h), and therefore 



-trt,x,m,a 



■\7-t,x,m,a / r- \ 



(4.5) 



Since, 3^i,x("i) < y/'^'"^'", one gets yt,x{'m){6h) < 
therefore 3^t^2:(m) (5ft) < ess inf {1^' 



((^/i) for all a G At^^, 



and 



this shows that C{5-h) < yt,x{'>T^)- Hence, ess inf {Y^ 



(J/j)}. On the other hand, for a random variable 

t,x,m,,a 

t,x,'m,a I 



C such that C < ^/''^''"'"('^h); we have Ci^-h) < y^'^'-^'^'-^^ gy arbitrariness of a G A^^m 



(4)}(5„h) < yt,x{m), which. 



combined with the above, implies ess inf {y/'^'™'"((5ft)} = yt,x{'rn){^h)- We now use the 



latter together with (4.5) and (4.4) to obtain 

A,x,m,a 



yt,x{m){5h) 



ess inf {Yt 

aeAf,m 



(Sh)} = ess inf Y^ 

Ct£At,m. 



ess inf Yf 

«eAt, 



yt,x[m). 



which is the required result. 
Step 2. We now show that 



yt,x{m) 



inf Y, 



t,x,m,a 



aeAt 



(4.6) 



where At^m denotes the subset of elements a G Aj that are predictable with respect to the 
¥- augmented filtration generated by W.\/t — Wt. 



It follows from Step 1 above that 3^j,x("i) = E [yt,xii^)] = E 
by Lemma 5.1, we can find a sequence (a„)„ C At^m. such that Y^ 



ess inf Y^ 

t,x,m,,a 



t,x,m,a 



Thus, 



" decreases to yt^x {fn) 



■ a.s. The monotone convergence theorem then implies that yt^xi^n) = lim„ E 



Y, 



t,x,m,ar, 



> inf„gAt.„, E 



Y 



t,x,m,a 



^ E [yt,xim')] = 3^t,x(?^)) in which the latter equality follows from 



Step 1. It remains to show that 



inf E 



Yl 



t,x,m,a 



inf Y, 



t,x,m,a 



aGAt 
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The fact that the right-hand side is bigger than the left-hand side fohows from the inclusion 
A-t^m C Af^m and the fact that y^'^'"^'"' is deterministic for all a € At^m- Conversely, fix 
a £ Af^m- It can be identified to a measm'able map on the canonical space, see e.g. [22, 
Theorem 2.10] and [2, Lemma 1.3]. Let us denote : € i— )• a{ijj.^t + ('^■vi — ^t))- For 
w € O fixed, this defines an element of At^m- Moreover, by independence of the increments 
of the Brownian motion, 



E 



This implies that 



t,x,m,a 



E 



inf E 



Y, 



t,x,m,a 



inf 



t,™. Jn 



inf y/'-'-'", 

aeAt,m 



which concludes the proof. 

Step 3. Fix y > v{t, x, in). Then, one can find Z G H2 such that E ^'(y^'^*'^'^^] 
By the same argument as in Step 2, one can choose Z such that it is independent on 



> m. 



Ft- Hence, Et 



rZ,{t,x,y)^ 



) > m. The process is a supersolution of the 



^{Yt 

BSDE with weak terminal condition liSD'E{gt^x,^t,x,^,t) on [t,T]. Obviously it can be 
extended to [0, T] by pasting it with the solution of BSDE{gt^x^[o,t]^Yf^'^^'^'^^) on [0, t]. This 
shows that y > 3^i,a;("i)- Hence, v{t,x,m) > yt,x{'i^)- Conversely, for a € At,m, we can find 
Z € H2 such that y^'^*'^'^') = y*.^."^.«, with y := y/-^-'"'", satisfies Y^'^''^''^^ = ^tA^T""'") 



and therefore E ^t,xiYq 
v(t, X, m) by Step 2. 



Z,{t,x,y), 
T I 



> m. This implies that y > v{t,x,m). Hence, yt,x{iT^) > 



□ 



4.3 The dynamic programming equation 

The PDE characterization of the value function v follows from Bouchard, Elie and Touzi 
[3]. For {t,x,m,y,q,p,A) € [0, T] x M"^ x R x M x M'^ x R'^^'^ and a £ R'^, we set 

1. 



with 



F^it^x^m^y^q^p^A) := -g{x,y,pa{x,a)) -q-p^ b{x) - ^TT:[aa^ {x,a)A] 



b{x):={ ^ ,a(x,a):= ^ 



F := sup F". 



We then define 



Theorem 2.1 in [3] implies that f is a discontinuous viscosity solution of F = 0. It is 
stated in terms of the lower- and upper-semicontinuous envelopes and v* of v defined by 



and 



X, m) :- 



v*{t, X, m) := 



liminf v{t ,x,m) 

(t', x' , m' ) — > (t, X, m) 
{t',x',m') 6 [0, T) xm'' X (0, 1) 



limsup v(t',x',m' 

(t , X , m ) — (t, a;, m) 
(t' ,x' ,m') e [0, T) xR'^ X (0, 1) 



26 



Since F may only be lower-semicontinuous, we also need to consider its upper-semicontinuous 
envelope F* . 

Proposition 4.2. The function is a viscosity supersolution on [0, T) X M'^ X (0, 1) of 

F*ip = 0. 

The function v* is a viscosity suhsolution on [0, T) X M'^ X (0, 1) of 

Fip = 0. 

We now discuss the boundary conditions, along the line of arguments suggested in [3] in 
a more abstract framework. We show that they can be fully characterized in our particular 
context. 

We first consider the boundary as t — ?> T. In the following, we let denote the convex 
envelope of (x, m) i->- £~^{x, m) with respect to m. We denote by D^i~^ its right-derivative 
with respect to m. 

Proposition 4.3. Assume that and D'^i'^ are continuous with polynomial growth. 
Then, v^{T, x, m) > i~^{x, m) > v*{T, x, m), for all {x, m) x [0, 1]. 

Proof. Let {t^, Xn,mn) {T,x,m) be such that v{tn, Xn,mn) — > f*(r, 2;,m). It follows 



from Proposition 4.1 and Proposition 3.3 that v{tn,Xn,niin) < iS^^"'""" i ^{Xr^' ",m^ 
Sending n to oo implies v^{T,x,m) < limsup^^o^ ^t,!"'"" m.„) = 'f^{x,m), 

where the latter follows from standard estimates and the continuity oi We conclude by 
proceeding as in [3, Proposition 3.2] and [12, Proposition 3.2]. We consider {tn, Xn,rnn) — )> 
{T,x,m) such that v{tn,Xn,mn) — > v*{T,x,m), and set yn := v{tn,Xn,mn) + n~^. Then, 
one can find Z„ G H2 and On G At,^^mn such that 

tn i^n \ I r^-h/? — l/^^ \ / 71 /T^Ti if^n ^(^n 



> '"^",771) + D+£-i(x,m)(M^""""'"" -m) 



-2 D+£-^{x!p'''",m) - D+£-^{x,m) , 

where we used the convexity of £~^{x!p'^"' , ■) and the fact that jvf^"'™-"'"" and m have 
values in [0, 1]. It follows from the uniform Lipschitz continuity assumption on g that we 
can find (/o",7"')n>i C H2 taking uniformly bounded values such that L"y^'i'(*"'^"'i'i) is a 
non- negative locale martingale (and therefore a super-martingale), for defined as 

= e^'n Psds f I ^n^^^ _ 1 /■ |^-|2^5^ . 

Note that L"— )-lasn^cx)P — a.s., after possibly passing to a subsequence, and that 
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{Uf)n is uniformly bounded in any Lg, (7 > 1. The above implies that 



Vn > E 

> E 



rplrp 



+D^l-^{x,m)E 
> E 



2D+£-^{x,m)E[\L^ - 1| 



-2D+t^{x,m)E[\L^ - 1|] . 
Passing to the limit and using standard estimates imply 

v*{T,x,m) = lim ?/„ > i~^{x,m). 



We now discuss the space boundary condition as m ^ {0, 1}. 

We set Wm ■ it,x) i-> v{t, X, 77T,) for Tn G {0, 1}. Since m G {0, 1} trivially implies ^t,n 
{0}, one has 

w^{t,x) = ■"[r^(X^'^,m)] for m G {0, 1}. 
Note that, I being non-decreasing in y, 



□ 



wq < v{-,m) < wi. 



(4.7) 



The following characterization is standard, see e.g. [15]. We denote by Cx the Dynkin 
operator associated to X. 

Proposition 4.4. Fixm G {0, 1}. Then, Wm is continuous on [0,T] xW^ and is a viscosity 
solution on [0, T) x of 



-9{-,f,D(pa) - £xV = 0. 
If £~^{-,m) is continuous, then 

WmiT,-) =i~^{-,m) onR'^. 
We can now provide the space boundary condition. 



(4.9) 



Proposition 4.5. Assume that the conditions of Proposition 4-3 hold. Then, v*{-,m) = 
v^{-,m) = Wm on [0, T] x M"^, for m G {0, 1}. 

Proof. Let [t^, Xn,rnn) (*;2;,0) be such that v{tn,Xn,mn) v*{t,x,0). Then, 
Proposition 4.1 and Proposition 3.3 imply that v{tn,Xn,rnn 

Sending n — )> 00 and using Proposition 6.1 below together with the continuity of 
imply that v*{t,x,0) < £'f [?-i(X^'', 0)] < wo{t,x). Recalling (4.7), this shows that 
v*{-,0) = v^{-,0) = wq. Conversely, it follows from [3, Theorem 3.1] that f*(-,l) is a vis- 
cosity supersolution of (4.8). Note that £~^{-,l) = ^""^(-,1) since is non-decreasing. 
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Then, Proposition 4.3 implies that the boundary condition (4.9) with m = 1 holds for 
1). Recall from Proposition 4.4 that wi is a subsolution of the same equations. Since 
1) and wi have polynomial growth (Proposition 4.1), it follows from a standard com- 
parison argument that ?;*(■, 1) > wi, see e.g. [7]. In view of (4.7), this implies that 
v*{-,l) = v4;l) =wi. □ 



Combining the above results shows that v* is a viscosity subsolution of 



F{-, if, dtf, Dip, D^'p) = on [0, T) x M'^ x (0, 1) 
(/9(-, 1) = wi and (/9(-, 0) = wq on [0, T) x R'^, 



(4.10) 



on 



x [0,1]. 



However, u^, is only a supersolution of the same equation but with F* in place of F. Since, 
p* -L F m general, this does not allow to characterize u as a unique viscosity solution of 
(4.10). One can however show that it is the biggest subsolution. 

Theorem 4.1. Let the conditions of Proposition 4-5 hold and assume that £~^{m,-) is 
continuous for m € {0,1}. Then, the function v is upper- semicontinuous. Moreover, for 
any subsolution v of (4.10) with polynomial growth, one has v > v on [0,T] X X [0,1]. 

Proof. Step 1. Given > 1, let us denote by the subset of elements a G At^m such 
that I a I < A; Leb x P on [0, T] , where At^m is defined in Step 2 of the proof of Proposition 4.1. 
We then set v^{t,x,m) := inf^^^k y^'^'^'°'. Let {6°', a G At,m} be a family of stopping 

times with value in [t,T] such that {Xgtf,Mg^'", a € At^m} takes values in a compact set 
O which is given and contains {x,m). One has 



v''{t, X, m) 



inf e'^gl 



-yt,x,m,a 



in which 



t,x J. rt,m,a 



rt,m,a , 



for any continuous map ip lower than v'' on O. This implies that satisfies the weak 
dynamic programming principle, compare with [4], 

/(t,x,?n)> inf ^:f,: L(r,X*f,M*r'") 

for any smooth function < v'' on O. Similar arguments as in [4] then implies that the 
lower semicontinuous envelope of is a viscosity supersolution of 



Fki-,ip,dtip,Dip,D'^ip) = on [0,T) x M'^ x (0,1) 



(4.11) 



where Ff, := sup|„|<fcF". 

Moreover, v'^ > v hy Proposition 4.1 and Relation (4.6). It then follows from Propositions 
4.3, 4.4 and 4.5 that is a supersolution of 



ip{-, 1) = wi and ip{-, 0) = wq on [0, T) x M"^, 
(p{T,-) =i-^{x,m) onM'^x[0, 1]. 



(4.12) 
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Step 2. Let u be a viscosity subsolution of (4.10) with polynomial growth. Then, it 
is a subsolution of (4.11)-(4.12). In view of Step 1, standard comparison results, see e.g. 
[7], imply that > v, the fact that has polynomial growth falling from the same 
considerations as in the proof of Proposition 4.1. 

Step 3. It remains to prove that v'' -I v pointwise. Clearly, {M^™'''^, a G Aj ^} is dense 
in L2 in {M^™'''^, a G Aj The required result then follows from Proposition 6.1 in the 
Appendix, Proposition 4.1 and Relation (4.6). 

□ 



5 Proof of Theorem 2.1 



In all this section, we use the notations introduced at the beginning of Section 2.2. The first 
main result provides a dynamic programming principle for the family {3^°, r S T, a € Aq}. 

Proposition 5.1. For all (ri,T2,a) G T x T x Aq such that t\ < T2, we have 
Proof. We prove the two corresponding inequalities separately. 



Step 1. y^ > ess inf £"1, 



It follows from Lemma 5.1 below that there exists {a"')n in A" such that the sequence 
(f^ rp[^{M^")])n is non-increasing and 



hm f^%[$(M^")] = y: 



Tl ' 



a.s. 



(5.1) 



Since a" E A^J" for every n > 1, we deduce that 

y!^: < ^4,^[$(Mr)]. 

By comparison for BSDEs with Lipschitz continuous drivers on the time interval [Ti,r2] 
this implies 



leading to 



ess inf £^ 



3^° 



Letting n go to infinity in the above inequality, (5.1) provides directly 



ess inf £^_^ 



ya 

^ TO 



step 2. y^< ess inf £"1, „ 



y" 
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Fix OL in A"^. Lemma 5.1 below ensures the existence of a sequence (a^)ri in A"^ such 
that (^"^^ j,[^'(M^'")])„ is non-increasing and 

lim El r[^(^^T" )] = yi ' IP - a.s. 

n— 5>oo ^' 

In view of Remark 2.1, the convergence holds in L2 as weh. Thus the stabihty result 
of Proposition 6.1 below indicates that ^"^^ ^[$(M^")] converges to <?ti,t2 [^^"2'] ™ ^2- In 
addition, € A"^ C A" by construction. Combining the above leads to 

The arbitrariness of a' G A"^ allows one to conclude 

□ 

Lemma 5.1. Fix9,T € T, with 9 '>t,^^ Lo([0, 1])-^t) and a G A,-^^. Then, there exists a 
sequence (q^) C At|^ .-={0' G At-,/^, a'ijo^g) = 0-^[o,6»)}'5uc/i i/iai lim„ J, y[$(M^''^'"")] = 
3^g"(M;''^'") P- a.s. 

Proof. It suffices to show that the family { J(a') := £g rp\<^[M^^'" )], a' G Ar|^} is directed 
downward, see e.g. [13]. Fix a'i,a'2 in Ar'^ and set 

a' := al[o,6i) + 1[6»,T] + "21^0 

where A := {J{a[) < ^(02)} G Te, so that d' G Ar|^ and 

J(d') = ^,^^^[<I>(m7'"'^)1^ + $(m7'"^)1ac] = min{J(a;), J(a'2)}. 

□ 

We now observe thcit the family (3^*^)q; 

eHa is undistinguishable from a ladlag process^, 
(3^")ogH2 hereafter, which also satisfies the preceding dynamic programming principle. If 
in addition $ is assumed to be continuous, the process (3^°)agH2 is even indistinguishable 
from a cadlag^ process. 

Proposition 5.2. Fix a G Aq. Then, is indistinguishable from a ladlag process. Be- 
sides, if m ^ [0, 1] I— 7- $(a;,m) is continuous for P-a.e. oj ^Vt, then 3^" is indistinguishable 
from a cddldg process. 

Proof. Fix Q G Aq. Proposition 5.1 and Remark 2.1 imply that —y" is a —g{—-)- 
supermartingale in the sense of [6] (a ^f-submartingale in the sense of [16]). It follows from 
the non-linear up-crossing Lemma, see [6, Theorem 6]^, that the following limits 

lim y^ and lim 

s&Qn{t,T]it sGQn[0,i)tt 

^left and right-limited according to the french celebrated acronym 
•^right-continuous and left-limited 

^Note that [6, Theorem 6] restricts to positive (?-supermartingales. However, the proof can be reproduced 
without difficulty under the integrability condition of Remark 2.1. In addition, [6, Theorem 6] implies that 
E'^[Da{y",n)] <yo Ab<b, where I>^(3^", n) denotes the number of down crossing of from an interval 
[a, b] on a discrete time-grid = to < ti < ■ ■ ■ < tn = T and Q is a particular measure absolutely continuous 
with respect to P. To conclude, it is enough to reproduce the proof of [8, Chapter VI Theorem (2) point 
!)]• 
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are well-defined for every t in [0, T], P — a.s., so is the process 

y^:= lim y^, te[0,T]. 

s&Qn{t,T]it 

Hence, 3^" is undistinguishable from a ladlag process. 

Besides, is by definition cad. Assuming that $ is continuous, we will prove that, for 
every stopping time r, it holds that: 

3>" = ess mf ^ £^ j, <^{M^') (= y^) P - a.s. (5.2) 

By [8, Chapter IV. (86), p. 220], the relation (5.2) entails that y and y" are undistin- 
guishable showing that y" is undistinguishable from a cadlag process. The rest of the proof 
is devoted to prove (5.2). 

For this purpose, let us introduce (t„)„, a decreasing sequence of stopping times with 
values in [0, T] n Q such that t < Tn < t + n'^ and y^ = limn^oo J^"^- 

Step 1. y? < ess inf £\ \^(M^') 
a. Fix a' G A" and set 



/M° 1-M°\ 

\ Tn Tn / 



with the convention a/0 = oo for a > 0. Using the fact that M^^+ J^^ a'^dWs = € [0, 1], 
direct computations lead to 

< - KM^l < M^^ + A„ r a^dWs < M^^ + A„(l - M^J) < 1. 

We set a'n := al[o,r„) + '^no'l[T„,T]- The above implies that aj^ belongs to A"^. 
b. Now we prove that M^" converges M^' in L2 as n goes to infinity, possibly up to 
a subsequence. Since both have norms bounded by 1, it suffices to show the P — a.s. 
convergence, possibly up to a subsequence. To see this, first note that 

M^" - M^' = - M°' + r(A„ - l)a',dWs, 

J Tn 

from which we deduce that 
M< - M|' = - M°' + (A„ - l{M^.„^{o,i}}) f <dWs - liM^'^gfo,!}} f <dWs. 



Since Tn ^ t P— a.s. and a' = a on |0, r], the above construction implies that lim^^oo M?„~ 
M^' = P— a.s. and lim„_j.oo A„ = lim.„^oo l{Af^ ^{0,1}} IP— a.s. It thus only remains to prove 

{A/-„G{0,1}} Irn- 



that IjA/a e{o,i}} a'gdWs P - a.s. First note that a'l[r„,T] = on {M^' G {0, 1}}. 



32 



This follows from the martingale property of this process with values in [0, 1]. Hence, it 
suffices to consider Ij^v/^V*'^" g{o i}} -/r" (^'s^Wg. But, since M°' = M°, 



p[M°' ^ Ml G {0, 1}] < p[m;; ^ M^^: 



(as - a'JdWs 



> 



0. 



c. Now, since $ is continuous and M^" G Lo([0, 1]), we get that $(M^") $(M|') in L2, 
after possibly passing to a subsequence. The stability property for Lipschitz BSDEs given 
in Proposition 6.1 implies that 



On the other hand, the bound of Remark 2.1 implies that 







0, 



by Lebesgue's dominated convergence Theorem and by continuity of the process S^j 
Combining (5.3) and (5.4) leads to 

X = lim < lim ^ [<5(M"": 



(5.3) 

(5.4) 
$(M^') 



$(M^ 



We conclude by arbitrariness of a' G 
Step 2. > ess inf S^j, [$(M"') 

Applying on [t, r"] the stability result of Proposition 6.1 for the BSDEs with parameters 
(3^f ,0) and (3^f„,5rl[o,rn)), we get 



< c{\\x-y^, 



T" ML- 



< c\\x-y^n 



+ E 

c 

+ - , 

n 



n G N , 



for some C > 0, since the bound of Remark 2.1 holds for J"", recall that Assumption 
(Hg) is in force. Therefore, £^^n[y^n] converges to y^ as n goes to infinity. Proposition 
5.1 implies S^T-n, [3^"n] > y^. Passing to the limit leads to the required inequality: y" > 

□ 



y" = ess inf £^rp 



$(M^ 

In the rest of this section, we complete the proof of Theorem 2.1. 



Proof of Theorem 2.1. Items (i) and (ii) are already proved in Proposition 5.1 and 
Proposition 5.2, it remains to prove (iii) and (iv). For a G Aq, it follows from Proposition 
5.1, Proposition 5.2 and standard comparison results for BSDEs that y" is a cadlag strong 
g-submartingale in the sense of [16]. Hence, the existence of a process (^",/C") G H2 x K2 
such that (2.9) holds follows from [16, Theorem 3.3]. We now verify successively that the 
family (3^", /C")QgH2 satisfies (2.8), (2.10), (2.11) and the uniqueness of solution for 
(2.8)-(2.9)-(2.10)-(2.11). 
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The bound (2.8) follows directly from Remark 2.1 and the representation Theorem 3.3 in 
[16], note that the driver function g does not depend on a G Aq. 

Step 1. The irrelevance of future property (2.11) 

For (a, r) € Aq x T, observe that A°' = A" on [0, r] when a' G A". The definition of y 
thus implies that 3^"l[o,r] = 3^"'l[o,r] fo^' ot' ^ ■ Hence (2.11) follows from the uniqueness 
of the representation provided in [16, Theorem 3.3]. 



Step 2. The minimality property (2.10) 

We follow the arguments in the proof [21, Theorem 4.6]. We fix (a,ri,r2) € H2 x T x T 
such that Ti < T2 . For any a' € A"^ , we denote by (K"' , Z"' ) the solution of the classical 
BSDE 

Yf = ^{M^) + j g{s, y°', Zf)ds - J zfdWs , 0<t<T . 



Let be the process whose dynamics is given by 



exp / A'JWs+ 



Tl 



lA 



212 



where ( , A^ ) is the linearization process given by 

g{y-',Zf')-giY-',Z:' 

A' : 



•^s ^ s 

g{y'^\Zf')-g{Y,-\Zf' 



'a' 12 



ds 



Ti<t<T 



This linearization procedure implies that 1^ — y^^ rewrites as 



> E. 



n 



L^,(y,^ -y^ +Er 

(/C^;-<) inf 



dlC: 



where we used the fact that Y'^ — > 0. Using Holder inequality, this implies 



E^ 



(/C - K, 



< E^ 



< C E. 



(/C?, -/C^J inf 



E^ 



Tl 



[ti,T2 

(/c-'-<)2l iY-;-y-;), 



sup (1/L" ) 



E^ 



(5.5) 



for some C > that depends on the uniform bounds on (A*', A^), recall (Hg). Hence, the 
estimate (2.8) together with the monotonicity of JC implies 



< E^ 



(< - <)! < c< (y"' - y!^'y/^ , a' G A" , 



(5.6) 



where 



ess sup Er, [{IC%-ICfJ 



211/3 
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By the same arguments as in Lemma 5.1, we can find a sequence {a'n)n C A"^ such that 

1/3 



hm Er 



The monotone convergence Theorem together with Jensen's inequahty and Relation (2. 
imply that 



EH 



lim t-E 



1/3 



< oo . 



Since Vj'^^ is in addition non-negative, it is a.s. bounded. Hence, combining (2.11) and (5.6), 
we obtain 



Taking the essential infimum in the above inequality and appealing to (2.6) leads to (2.10). 



Step 3. The uniqueness property for (2.8)-(2.9)-(2.10)-(2.11) 

Let us now consider a family (F", Z'^, i^")agA(, of S2 x H2 x K2 satisfying (2.8)-(2.9)- 
(2.10)-(2.11). Then, (2.6) together with (2.9)-(2.11) applied to (F", Z", ^")QeAo imply 
via a direct comparison argument that 

= ess inf ef[^{M^)]>YI^ , a G Aq , 0<t<r. (5.7) 

On the other hand, following the exact same line of arguments as the one developed in Step 
2 in order to derive (5.5), one easily shows that there exists a S2-uniformly bounded family 
of processes (L")agAo such that 



8!MM^)]-Y^^ = Et 



T 



L'idK': 



< CEt 



a\2 



1/2 



a G Ao < t < T , 



for some C > 0. 

Now observe that (2.10), applied to ET", and the same arguments as in Lemma 5.1 provide 
the existence of {a^)n C Af such that Stl-^r" ~^t] ~^ 0) P — a.s. Hence, (2.8) ensures that 
Et[\Kf - |2] ^ 0. Since (2.11) implies lYt^",K^") = (y",i^f ) for n G N, we deduce 



S![<^>{Mf)]-Yt^ < CEt 
Combined with (5.7), this shows that 



y," = ess inf S!mM^)] = 



\Kf - K, 



a\2 



1/2 







a G H2 , < t < T . 



The fact that (Z", iir")QgAo = (-2", /C")aeAo then follows from the uniqueness of the 
non-linear Doob- Meyer decomposition of [16, Theorem 3.3]. □ 
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6 Appendix 

We report here some standard results for Lipschitz BSDEs. The first one can be found 
in, e.g., Theorem 1.5 in [14]. The second one is proved for completeness, and by lack of a 
good reference. 

Proposition 6.1. (Stability for Lipschitz BSDEs) Let {Y^, Z^) and {Y'^,Z^) in S2 x H2 be 
solutions on [0, T] of Lipschitz BSDEs associated to parameters {£,^,g^) ad {^'^,g'^)- Then 
the following stability result holds: 

\\y'-yX, + p'-z'f^.^ < c(\\e-e\\l+£E\g'-g'\'{t,Y,\z})dt^ , 

for some constant C > depending only on T and on the Lipschitz constants of g^ and g^ . 
Proposition 6.2. Let the conditions {Hg) hold. Then: 
(i) There exists C > which only depends on Kg and T such that 

esssup5gLo{[o,i])l^f K]| < C(l + Et [\X9?Y) , 0<t<T. 

(a) For some ^ G L2 and t G [0,T], consider a family (^^)e>o C Lo(M'^) satisfying |.^^| < ^ 
and € L^{F(tj^^-);^x)j for any e > 0. Then, there exists a family {r]s)e>o C Lo( 
which converges to ¥ — a. s. as e — ?> such that 

\£lt+e[^']-Et[e]\<7^e, VeG[0,T-t]. 

(Hi) Let (^'')e>o and t € [0,T] be as in (ii). Then, there exists a family (?/e)e>o C Lq 
which converges to ¥ — a. s. as e such that 

\£Ut[e]-Etm\<Ve, Vee[0,t]. 

Proof, a. We first prove (ii) (property (iii) being similar) using the standard linearization 
argument. Fix t G [0,T] and set Y^ := S^f^^lS,"^]. Assumption (Hg) implies that we can 
find a family of predictable processes (/?^,7^) with values in [—Kg,Kg]'^~^^ such that 

L^Y^ + L'^.g{r,0,0)dr 

is a martingale on [t, t + e], with 

= 1 + [ p^L^^dr + I -f^Lf.dWr, t<s<t + e. 
Jt Jt 

In particular, 



£l,,,[e] = LtYf = Et 



rt+e 

Ll+ee + L',g{r,0,0)dr 



Condition (H^) and the assumption on {^^)e>o thus leads to 

\£l,^,[e]-Et[e]\<ve, 



36 



in which 



We have: 



Ve := Et 



pt+e 

i\Ll^,-Ll\+Xg Lldr 



t+e 



Lldr 



1/2 



In addition, 



sup \Ll\^ 

t<S<t+£ 



.1/2 



Et[\Ll^,-Lt\']<CEt 
<eCEt 



t+e 



iLtl'^dr 



sup 

t<r<t+e 



e\2 



(6.1) 



Hence, 



Etm^,-Ll\']<eC{l + E, 



sup m. - Lf p 

t<r<t+e 



Since and are bounded, the quantity sup«^<j_,_j £'T-[|if+£— -L^P] is uniformly bounded. 
Plugging back this estimate in (6.1) and recaUing that sup^g^ -^t[?^] is finite P — a.s. we 
get that Et[\C\'^Y/^Et[\LI^^ - Lf p]^/^ tends to uniformly in t, P- a.s. as e goes to 0. The 
second term of (6.1) can be estimated in the same way. 

b. We now prove (i). Pick any t € [0, T] and ^ € Lo([0, 1]). The same arguments as 
above yield 



where solves 



Et 



<Et 



\Lt\ +^IXg|sup|L^|(ir 



Li = l + pflfdr + jf.LfdWr, t<s<T , 
for some predictable processes (/>^,7^) with values in [—Kg,Kg]'^~^^. Hence, 



\£!m<Et 



I^tI +T\x9\ sup \Lf\dr 

t<r<T 



Since (p^, 7^) are valued in [—Kg,Kg]'^~^^, standard estimates imply that we can find C > 0, 
which only depends on Kg such that Et supt<r<T \Lr? < P — a.s. The above leads to 

\£!m<{C + TCEt[\xg\'rn, 
and the arbitrariness of ^ € Lo([0, 1]) concludes the proof. □ 
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